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We construct new families of deformed supersymmetric field theories which break space-time
symmetries but preserve half of the original supersymmetry. We do this by writing deformations as
couplings to background multiplets. In many cases it is important to use the off-shell representation
as auxiliary fields of the non-dynamical fields must be turned on to preserve supersymmetry. We
also consider backgrounds which preserve some superconformal symmetry, finding scale-invariant
field profiles, as well as N = 2 theories on S3. We discuss how this is related to previous work on
interface SCFTs and other holographic calculations.
Introduction— An open question in theoretical physics
is the classification of renormalisation group (RG) flows
when turning on deformations, or source terms, which
break space-time symmetries. Much of what we know
about RG flows is restricted to the case of sources which
preserve Lorentz invariance, and much less is known in
cases when we break it, owing to the lack of a momen-
tum space description in inhomogeneous systems. One
may hope to gain analytic traction by studying deforma-
tions which preserve supersymmetry. It is well known
that many coupling constants in supersymmetry QFTs
can be interpreted as non-dynamical background super-
multiplets, and this can be used to prove powerful non-
renormalisation theorems for Lorentz invariant systems
[1]. For example, in [2], the authors studied N = 1
with space-dependent gauge- and superpotential coupling
arising from background chiral multiplets. Similarly,
spatially dependent couplings were also studied in [3–8]
where they were shown to give rise to an additional new
anomaly at one loop.
Supersymmetric theories with space-dependent cou-
plings also naturally arise in the study of superconformal
field theories with defects and/or boundaries [9]. This
leads to a rich zoo of so-called Janus solutions, where
the couplings take different values on each side of a do-
main wall. These have been considered in the context
of 4d N > 2 super-Yang-Mills theory in [10–14]. In
the special case of the maximally supersymmetric ABJM
theory, there exist a class of spatially dependent mass-
deformations [15, 16], dual to the supersymmetry Q de-
formations of [17, 18], which preserve at most half of the
original super-Poincare´ symmetry. However, the deriva-
tion of these deformations are often complicated and
done through a brute force method. It is therefore im-
portant to ask if one could take a systematic approach to
these using coupling to spatially dependent background
mutliplets, and thereby classify more general deforma-
tions.
Another interesting setting in which the role of spa-
tially dependent couplings have been less investigated is
in the context of localisation in Euclidean 3d N = 2 the-
ories. These theories have been coupled to background
supergravity multiplets to obtain supersymmetric theo-
ries on curved spaces in the rigid limit [19].
In this work, we will use this approach of coupling to
background multiplets to find a new class of spatially
modulated deformations of 3d N = 2 theories preserving
half of the original supersymmetry, expanding the results
of [15] to more general theories. We focus on Lorentzian
theories, but also consider Euclidean N = 2 theories on
S3 and demonstrate that a similar construction breaking
the space-time SO(4) but preserving some supersymme-
try is possible. We also consider 4d, N = 1 theories. We
find that this analysis reproduces known interface config-
urations as well as new, nontrivial, deformations which,
as in the 3d case, break space-time symmetries but pre-
serve half of the original supersymmetry. We also study
when such deformations can preserve any superconformal
symmetry, yielding scale-invariant interfaces and defects.
We then conclude with a discussion and comment on fu-
ture directions.
Background fields and supersymmetry— Coupling a
gauge theory to background fields to introduce dimen-
sionful parameters to the theory is a long-standing story,
as described in the introduction. The classic approach to
this is to demand that these background fields are invari-
ant under the entire supersymmetry algebra, and as such
are Lorentz invariant, but one could demand less. Herein,
we will instead only ask that these background fields are
invariant under a subset of the original transformations,
resulting in a less supersymmetric theory. A well known
example of this is the case of turning on masses in a su-
perconformal field theory, where the mass term can be
viewed as turning on a background field breaking confor-
mal invariance but preserving the Poincare´ generators.
One could also approach situations where these back-
ground fields are spatially modulated along the spirit of
[19]. It is quite surprising that we can preserve half of
the supersymmetry of the original theory while drasti-
cally reducing the preserved space-time symmetries. Un-
der most circumstances, it is even possible to introduce
spatially modulated deformations that remain invariant
under some subset of superconformal transformations.
The benefit of rewriting couplings in the Lagrangian
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2in terms of background multiplets is that it makes deter-
mining the amount of remaining supersymmetry quite
straight-forward. One simply takes the supersymmetry
transformation rules for the full interacting theory, and
any such transformation under which the background
multiplet is invariant will be a bona-fide supersymmetry
of the dynamical theory. As we can only turn on classical
expectation values for bosonic fields, this reduces to look-
ing at the variations of the fermions, also referred to as
BPS equations. Note that this sometimes requires mod-
ifications of transformations of dynamical matter fields
from making derivatives covariant. For example in a dy-
namical matter multiplet in 3d N = 2 theories,
δψ ⊃ −(γµ∇µφ)→ −γµ(∇µ + iAbgµ )φ− σbgφ. (1)
Strictly speaking this analysis is semi-classical, and
there can be quantum corrections from loops, for instance
as dynamical fields get anomalous dimensions. However
unless we have a case with spontaneous supersymmetry
breaking, such effects will, as expected, just cause the
space-dependent couplings to be renormalised as we flow
to the infrared. One can consider the construction in this
paper as classifying the possible spatially modulated UV
couplings. It is worth pointing out that we could, even
in cases where the theories do not admit a Lagrangian
description, consider coupling a background vector mul-
tiplet to conserved currents from global symmetries in
the vein of [20].
Since we here are interested in supersymmetric defor-
mations breaking space-time symmetries, we will con-
sider subsets of the full supersymmetry algebra defined
by projectors of the Clifford algebra with preferred ori-
entation in space-time, for example vµγ
µ ∝  with a
preferred vector vµ breaking Lorentz invariance. This
presents us with three obvious cases: v can be time-like,
space-like or null. However, we will see that the Clifford
algebra will often make some of these cases redundant.
Superconformal transformations are instead generated
by conformal Killing spinors, which in flat space, in di-
mensions greater than two, take the form S = xµγ
µχ
for some constant spinor χ. By considering variations
by such spinors, we are able to make statements about
the residual superconformal structure for certain scale
invariant background fields. This allows us to reproduce
standard Janus-type results, as well as finding a much
more general class of scenarios. Our results can be eas-
ily adapted to Euclidean signature, even on some curved
backgrounds, such as S3.
N = 2 theories in 2+1 dimensions— Background fields
in three dimensions are naturally used as mass terms for
dynamical fields. As in [21, 22] we can write N = 2
mass terms either as D-term or F-term, which can be
thought of as arising from background vector or matter
multiplets respectively. If we turn on the scalars σbg, Dbg
of a background vector for a U(1) that matter fields are
charged under, we induce mass terms via the interactions
Lint = −χ¯σbgχ− φ¯
(
σ2bg −Dbg
)
φ+ h.c (2)
where χ, φ are the dynamical chiral multiplet fermions
and scalars respectively and we have suppressed traces
over gauge and flavour indices. Similarly if we write a
superpotential mass term as a coupling of dynamical mul-
tiplets to a background matter multiplet M with scalars
φbg, Fbg, we get∫
d2θMΦ2 ⊃ φbg(ψ2 + φF ) + Fbgφ2 (3)
We can of course consider other couplings, such as the
classically marginal λΦ4, and will keep the dimension of
the fields general when considering superconformal trans-
formations.
In these three dimensional theories the supersymme-
try transformations are parametrised by a complex Dirac
spinor. Again, we have three possibilities for the pre-
ferred space-time direction we choose for our projection
condition: time-like, null or space-like. However, it turns
out that the Clifford algebra in 2 + 1 dimensions gives
γ2 = ± ⇔ (γ0 ± γ1) = 0, (4)
so the space-like and null projectors are equivalent. Fur-
thermore, the time-like condition is equivalent to a com-
plex projector,
γ0 = ±i ⇔ (γ1 ± iγ2) = 0. (5)
We can also write projection conditions using charge con-
jugation conditions, such as  = ±∗, γ2∗ = ± at the
cost of breaking the U(1)R symmetry. After chosing a
projector we will then find the most general backgrounds
which preserve half of the original N = 2 by requiring
the vanishing of the BPS equations.
For an N = 2 background vector multiplet, the super-
symmetry variation of the gaugino is proportional to
1
2
εµνργ
ρFbg
µν+Dbg +γ
µ∇µσbg + 2
3
γµ(∇µ)σbg. (6)
For simplicity, we will only consider turning on back-
ground fields for a a U(1) factor of the global symmetry
and turn off the gauge field to focus on mass terms.
The time-like projector leads to no non-trivial solu-
tions, as do projectors which break U(1)R. The space-
like projector gives
γ2± = ±± → σbg = σbg(t∓x, y), Dbg = ∓∂yσbg., (7)
This allows for a wide class of spatially modulated
masses. The result is strikingly similar to the supergrav-
ity result of [23], which could be describing a bulk dual
to this deformed theory. Note that even if we restrict the
background to invariant under ISO(1, 1) we do not pre-
3serve any more supersymmetry, but of course in theories
with larger N this will not be the case. For instance in
the ABJM theory with a spatially varying mass defor-
mation [15] preserving half the super-Poincare´ symmetry
requires either m(y) or m(t ∓ x), but not m(t ∓ x, y) as
we have here.
If we want the background to have some residual scale
invariance, we need some variations by S = xµγ
µχ for
a constant spinor χ to vanish. Consider the case with
preserved super-Poincare´ γ2Q = +Q. We find space-
like or null singular sources
γ2χ = −χ → σbg = λ
y
, Dbg =
λ
y2
, (8)
γ2χ= + χ → σbg = λ
t− x, Dbg = 0. (9)
Note the space-like case matches the boundary analysis
of M-theory Janus solutions described in [18].
Now consider background chiral multiplets. Assuming
it is not charged under any global symmetries with back-
ground vectors turned on (including this requires making
the derivatives covariant, we ignore it for simplicity) the
fermion variation is
− γµ∇µφbg− 2∆
3
γµ (∇µ)φbg + Fbg∗ (10)
where we have allowed for a non-canonical scaling dimen-
sion ∆. The analysis is similar to the vector case, only
now our scalar fields are complex. We have the time-like
projector
γ0 = ±i → φbg = φbg(x± iy), Fbg = 0, (11)
which when we require some superconformal symmetry
gives
γ0χ = ±iχ → φbg = λ
(x± iy)∆ . (12)
We can also consider the space-like projector and find
γ2 = ± → φbg = φbg(t∓ x), Fbg = 0, (13)
γ2χ = ±χ → φbg = λ
(t∓ x)∆ . (14)
We can also consider projection conditions which break
U(1)R, and the only non-trivial case is
γ2∗ = ± → φbg = φbg(y), Fbg = ±φbg′(y), (15)
γ2χ∗ = ∓χ → φbg = λ
y∆
, Fbg = ∓ ∆λ
y∆+1
. (16)
Note that unlike the vector case, in (16), the preserved
supersymmetry algebra includes the full ISO(1, 1) of the
(t, x) plane at the cost of breaking the R-symmetry. We
also have one projection condition, (11), whose back-
ground has no null isometries. From a holographic dual
point of view this is a rather surprising scenario as the
analysis of [23] indicates that supersymmetric gauged su-
pergravity solutions which we might interpret as bulk du-
als with spatially varying sources turn on always have a
null killing vector, but we see no sign of it here. We leave
a holographic comparison of this case to future work.
One could consider turning on background gauge fields
as well, however, this does not alter the spirit of our re-
sults. It often amounts to requiring self-dual background
gauge fields with the same space-time isometries as the
scalars.
N = 2 theories on S3— Another very interesting ques-
tion is if this analysis could be reproduces on other back-
grounds than flat space. Of special interest is S3, since
this immediately hints at the possibility of using super-
symmetric localisation to compute observables in these
deformed theories exactly [24].
The Euclidean construction of N = 2 theories is
slightly different [25], as due to the lack of a Majorana
condition in 3+0 dimensions, there is a doubling of de-
grees of freedom, for a review see [26, 27] and a holo-
graphic example in [28]. For a vector multiplet, this
means that φ and D are complex, and there are two
independent complex supersymmetry parameters , ¯.
The superconformal algebra in flat Euclidean space is re-
placed with the symmetry generated by conformal Killing
spinors on S3, and the full set of possible supersymmetry
parameters are the left- and right-invariant spinors, and
the conformal Killing spinors which are constant when
working in the left- or right-invariant frame respectively.
Let us again consider D-term masses arising from a back-
ground vector multiplet. The BPS equations are, setting
Fbg = 0,(
−Dbg + iγµ∇µσbg + 2i
3
σbgγ
µ∇µ
)
ε = 0, (17)
for both variations ε = , ¯. For constant background
fields, as opposed to Minkowski space, we can only pre-
serve half of the SU(2)L × SU(2)R, as we find
L, ¯L : σbg +Dbg = 0, R, ¯R : σbg −Dbg = 0. (18)
As in our Lorentzian analysis let us consider a projection
condition, e.g. γ3L = +L in the left-invariant frame e
µ
i .
The BPS equations reduce to
(e1 + ie2)
µ∂µσ = 0, σbg − ieµ3∂µσbg +Dbg = 0. (19)
Thanks to the symmetry of the three-sphere we can solve
this PDE exactly. In standard Hopf coordinates ds2 =
dη2 + sin2 ηdξ21 + cos
2 ηdξ22 , this has regular solutions
σbg =
∑
m>0,n>0
σm,ne
imξ1−inξ2 sinm η cosn η, (20)
where positivity of m,n is required for the function to
be smooth at the poles. The residual supersymmetry pa-
4rameter squares to the complex Killing vector (e1 +ie2)
µ.
Therefore, there are spatially dependent mass deforma-
tions that are 1/4 BPS on S3. An analogous analysis can
be done for F -term masses coming from a background
matter multiplet, and the results are similar.
In a theory with only N = 2, these kinds of deforma-
tions would however not leave enough supersymmetry
for a localisation calculation to be carried out. It would
therefore be very interesting to consider how these 1/4
BPS deformations behave in theories with N > 2 super-
symmetry. The above results indicates that one could
preserve enough supersymmetry to allow for localisation
calculations to be carried out in theories with more super-
symmetry. It would also be interesting to construct holo-
graphic duals to theories with such deformations, and see
if these kinds of deformations could be turned on along
the lines of [29].
N = 1 theories in 3+1 dimensions— In four dimen-
sions, background chiral multiplets can be used to de-
scribe coupling constants such as masses, Yukawa cou-
plings, and Yang-Mills gauge couplings via superpoten-
tial interactions, e.g. W ⊃ ΦbgΦ2, ΦbgΦ3, ΦbgtrW2.
When the auxiliary background field in the supermulti-
pet is turned on it will act as a source term for another
operator in the same multiplet, e.g. the gaugino bilinear
[30],∫
d2θΦbgtrW2+h.c. = LSYM (τ = φbg)+Fbgtrλ2, (21)
The parameter for minimal supersymmetry is now a Ma-
jorana spinor, or equivalently, a Weyl spinor. We will
here use the notation of [31], Maj. = (ψL, ψR)
T , where
in the Weyl basis, R = iσ
2∗L. We can again consider
superconformal transformations by the conformal Ma-
jorana Killing spinors S = xµγ
µχ, with χ a constant
Majorana spinor, to find backgrounds with residual su-
perconformal symmetry.
Using the Weyl basis, the natural projection conditions
are vµσ¯
µL = R. There is no solution to the time-like
projector, and so we only have space-like and null cases.
The chiral fermion variation is proportional to
PL
(
/∇φbg + ∆
2
φbg /∇+ Fbg
)
. (22)
In the space-like case, allowing for a general axial phase
rotation α we find
σ¯3L = +e
iαR → φbg = φbg(z), Fbg + e−iαφbg′(z) = 0,
σ¯3χL = −eiαχR → φbg = λ
z∆
, Fbg =
∆λ
z∆+1
, (23)
and in the null case
(σ¯0 − σ¯3)L = 0→ φbg = φbg(t− z, x+ iy), Fbg = 0,
(σ¯0 ± σ¯3)χL = 0→ φbg =
{
+ : λ(x+iy)∆
− : λ(t−z)∆
. (24)
Note that the first case (23) is the field theory dual
of the original supersymmetric Janus [30] but the second
one, (24) and allows for couplings with nontrivial branch
points on one spatial plane, as well as dependence on
a transverse null coordinate. Similar deformations were
noted in [14] in the case of the N = 4 theory. One can
follow a similar calculation for 4d N = 2 vector mul-
tiplets, and find similar structures, where the scalar is
restricted to be of the form φbg(z), Dbg ∼ φ′bg(z) or
φbg(t − z, x + iy), Dbg = 0 This is very reminiscent of
the 4d/2d structure discovered in [32], and further inves-
tigation into this is warranted.
Conclusions and future directions— In this paper, we
have discovered new classes of deformations of supersym-
metric field theories in 3d and 4d which explicitly break
some space-time symmetries, as well as presented a uni-
fied framework connecting these new deformations to pre-
vious more specific results.
This work opens up for many interesting future direc-
tion for studies. For example, a very concrete question is
how the result of (11) should be reconciled with the holo-
graphic results of [23]. Another interesting line of study
is how the results of (24) can be further understood, es-
pecially in relation to the results of the 4d/2d structure
discovered in [32].
Furthermore, it would be very interesting to see this
technique extended to cases with more supersymmetry.
Extending our analysis to such theories will allow us
to make connections to various well-studied brane and
string theoretic systems. More supersymmetry to start
with gives us more room to break supersymmetry and
still have analytic control. It would also be helpful to
have a brane picture of these new defect CFTs.
This would also be of special interest in the case of
N > 2 theories on S3, since this could allow for local-
isation calculations to be carried out, and thereby for
obtaining exact results directly in the field theory that
could be compared to calculations in holographically dual
theories, enabling tests of the holographic principle in a
new class of theories where Lorentz invariance is broken.
It would also be interesting in the context of F -theorems
as the partition function on S3 is conjectured to be re-
lated to the F coefficient, and having broken Lorentz
invariance we expect to find non-monotonic flows. Inves-
tigating sphere partition functions in inhomogeneously
deformed QFTs will shed some light on classifying non-
Lorentz invariant renormalisation flows and how, if at all,
we can compare Euclidean and Lorentzian systems after
breaking space-time symmetries.
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